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ABSTRACT The concept of interval-valued fuzzy set is one of the most important and useful generalisation 

of Zadeh's fuzzy sets which is successfully applied by engineers and scientists in the field of Robotics, 

Control Theory and Computer Engineering. In this paper, we introduce new and useful generalisations of 

interval-valued interior ideals and interval-valued fuzzy left (right) ideals called interval-valued 

)q,( ~~~


 -fuzzy interior ideals, interval-valued )q,( ~~~


 -fuzzy left (right) ideals, interval-valued 

)q,( ~~~


 -fuzzy interior ideals and interval-valued )q,( ~~~


 -fuzzy left (right) ideals of ordered 

semigroups. These newly defined concepts are supported by suitable examples, and several fundamental 

results are investigated. It is shown that in regular and semisimple ordered semigroups, both the concepts 

of interval-valued )q,( ~~~


 -fuzzy interior ideals and interval-valued )q,( ~~~


 -fuzzy ideals 

coincide. Further, the relation between interval-valued fuzzy interior ideals and interval-valued fuzzy ideal 

of type )q,( ~~~


  is provided. 
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1. INTRODUCTION 

Representation of knowledge in decision making process by 

means of intervals is more precise rather than by points. An 

interval-valued fuzzy subset [1,2] is a natural extension of 

fuzzy set theory [3] and more applicable in real world 

problems involving uncertainties. For the first time Biswas 

[4] used interval-valued fuzzy sets in algebraic structure and 

gave the notion of interval-valued fuzzy subgroups. In 

addition, Shabir and Khan [5] introduced interval-valued 

fuzzy left (right, two-sided, interior, bi-) ideals generated by 

an interval-valued fuzzy subset of ordered semigroups. 

Further, Khan et al. [6] initiated a new sort of interval-

valued fuzzy bi-ideals known as interval-valued )q,(  -

fuzzy bi-ideals of ordered semigroups. In addition, Khan et. 

al., [7,8] defined interval-valued )q,(
k
~ -fuzzy 

generalized bi-ideal and interval-valued fuzzy ideals of type 

)q,(
k
~  of ordered semigroups and characterized ordered 

semigroups in terms of these notions. Moreover, Yin and 

Zhan [9] introduced )q,(


 -fuzzy (implicative, 

positive implicative and fantastic) filters and )q,(


 -

fuzzy (implicative, positive implicative and fantastic) filters 

of BL-algebras and gave some interesting results. Further, 

Ma et al., [10] initiated the concept of )q,(


 -fuzzy 

ideals of BL-algebras and discussed several important 

results. In addition, Khan et al., [11] gave more general 

forms of )q,(  -fuzzy interior ideals and )q,(  -

fuzzy interior ideals of ordered semigroups and defined the 

concepts of fuzzy interior ideals and fuzzy left (resp. right) 

ideals of types )q,(


  and )q,(


  and 

characterised ordered semigroup by the properties of these 

new notions. Moreover, Khan et al., [12] comprehensively 

discussed )q,(


 -fuzzy generalized bi-ideals of 

ordered semigroups and provided several classifications of 

ordered semigroups in terms of )q,(


 -fuzzy 

generalized bi-ideals. Moreover, Aktas and Çagman [13] 

introduced the concepts of fuzzy subring, fuzzy ideal and 

fuzzy ring homomorphism.  

In this paper, we extend the work of [11,12] and introduced 

interval-valued fuzzy interior ideals (resp. ideals) of types 

)q,( ~~~


  and )q,( ~~~


 , where ]1,0[
~

,~ D  such 

that 
~~  . Moreover, a condition is provided that when 

both interval-valued )q,( ~~~


 -fuzzy interior ideals and 

interval-valued )q,( ~~~


 -fuzzy ideals will coincide. 
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2. PRELIMINARIES 

In this section, we review some fundamental concepts that 

are necessary for this paper. 

Throughout this paper S  will denote an ordered semigroup 

unless otherwise stated. 

For SA , we denote }. somefor   |{:]( AhhtStA   

If }{aA   , then we write ](a  instead of }]({a . For 

,, SBA   we denote, }.,|{: BbAaabAB   A non-

empty subset A  of S  is called a subsemigroup of S  if 

.2 AA   A non-epmty subset A  of S  is called an interior 

ideal of S  if (i) ,2 AA   (ii) ASAS   and (iii) if Sb  

and Aab   then Ab . A non-empty subset A  of S  is 

called left (resp. right) ideal of S  if (i) ASA  (resp. 

AAS  ) and (ii) If Sb  and Aab   then Ab . A 

non-empty subset A  of S  is an ideal if it is both a left and 

a right ideal of .S  

Obviously, every ideal of an ordered semigroup S  is an 

interior ideal of .S  

Now we recall some interval-valued fuzzy logic concepts. 

 

2.1 INTERVAL-VALUED FUZZY SET[1] 

For a non-empty set X  a mapping ]1,0[:
~

DX F  is 

called an interval-valued fuzzy set of X , where ]1,0[D  

denotes the family of all closed subintervals of ]1,0[ , and 

)](),([
~

xx  FFF -  for all Xx , where -F , F  are fuzzy 

sets in X  such that 1)()(0   xx FF -  for all Xx  

and )](),([ xx FF -  is the grade of membership of an 

element x  to the set F
~

. 

 

2.2 INTERVAL-VALUED ORDERED FUZZY POINT 

An interval-valued fuzzy subset F
~

 of an ordered semigroup 

S  of the form: 

 
],(if],0,0[

],(if],1,0(
~

:)(
~










xy

xyDt
yF  

is called an interval-valued fuzzy point with support x  and 

value t
~

 and is denoted by 
t

x~ . 

If tx
~

)(
~

F  (resp. 1
~~

)(
~

 txF ) then we say that 
t

x~  

belongs to (resp. 
t

x~  quasi-coincident with) a fuzzy set F
~

, 

written as F
~

~ 
t

x  (resp. F
~

q~
t

x ) and write F
~

q~ 
t

x  if 

F
~

~ 
t

x  or F
~

q~
t

x . 

 

2.3 LEVEL SET OF AN INTERVAL-VALUED FUZZY 

SET[1] 

Let F
~

 be an interval-valued fuzzy subset of X . Then, the 

crisp set }
~

)(
~

|{)
~

;
~

( txXxtU  FF  for every 1
~~

0
~

 t  

is called a level subset of F
~

. 

 

2.4 INTERVAL-VALUED FUZZY INTERIOR 

IDEAL[6] 

An interval-valued fuzzy subset F
~

 of an ordered semigroup 

S  is called an interval-valued fuzzy interior ideal of S  if 

the following two conditions hold for all Szyx ,, : 

(
1

I ) )(
~

)(
~

yxyz FF  , 

(
2

I ) )(
~

)(
~

yxyx FF  , 

(
3

I ) })(
~

),(
~

{min r )(
~

yxxy FFF  . 

 

2.5 INTERVAL-VALUED FUZZY LEFT (RIGHT) 

IDEAL[6] 

An interval-valued fuzzy subset F
~

 of an ordered semigroup 

S  is called an interval-valued fuzzy left (resp. right) ideal 

of S  if the following conditions hold for all Syx , : 

(
4

I ) )(
~

)(
~

yxyx FF  , 

(
5

I ) ))(
~

)(
~

 (resp.  )(
~

)(
~

xxyyxy FFFF  . 

F
~

 is called an interval-valued fuzzy ideal of S  if it is both 

interval-valued fuzzy left and interval-valued fuzzy right 

ideal of S . 

 

3. INTERVAL-VALUED )q,( ~~~


 -FUZZY 

INTERIOR IDEALS 

In this section we give another useful generalisation of 

interval-valued fuzzy interior ideals and interval-valued 

fuzzy left (right) ideals called interval-valued )q,( ~~~


 -

fuzzy interior ideal and interval-valued )q,( ~~~


 -fuzzy 

left (right) ideals. In addition, we provide several 

characterisations of ordered semigroup in terms of these 

new concepts. 

Throughout in this paper, let ]1,0[
~

,~ D  be such that 


~~  . For an interval-valued ordered fuzzy point 

t
x~  and 

an interval-valued fuzzy subset F
~

 of S , we say that 

 F
~

~~ 


t
x  if ~

~
)(

~
 txF . 

 F
~

q ~~
t

x  if 
~

2
~

)(
~

 txF . 

 F
~

q ~~~



t

x  if F
~

~~ 


t
x  or F

~
q ~~
t

x . 

 F
~

q ~~~



t

x  if F
~

~~ 


t
x  and F

~
q ~~
t

x . 

 F
~

~
t

x  if F
~

~
t

x  does not hold for 

}q,q,q,{ ~~~~~~


  . 

 

3.1 DEFINITION 

An interval-valued fuzzy subset F
~

 of S  is called an 

interval-valued )q,( ~~~


 -fuzzy interior ideal of  S  if: 

)a( . )
~

q
~

()( ~~~~~ FF



tt

xyyx , 

)b( . FFF
~

q)(
~

 ,
~

~~
}~,

~
min{r 

~~~~



stst

xyyx , 

)c( . FF
~

q)( ~~~~~



tt

xaya , for all Syax ,,  and 

]1,~(~,
~

Dst  . 
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3.2 EXAMPLE 

Consider the ordered semigroup }3,2,1,0{S  with the 

following multiplication table and order relation: 

Table: 1 

21003

10002

00001

00000

3210

 

)}1,0(),3,3(),2,2(),1,1(),0,0{(  

Define an interval-valued fuzzy subset ]1,0[:
~

DS F  as 

follows: 















3.=if,0.00]0.00,[

,2=if,0.80]0.70,[

,1if,0.50]0.40,[

,0=if,0.90]0.80,[

=)(
~

x

x

x

x

xF  

Then F
~

 is an interval valued )q,(
0.7][0.6,]2.0,1.0[]2.0,1.0[

 -fuzzy 

interior ideal of S . 

 

3.3 THEOREM 

For an interval-valued fuzzy subset F
~

 of S , the following 

conditions are equivalent; 

(1). F
~

 is an interval-valued )q,( ~~~


 -fuzzy interior 

ideal of S . 

(2). The following conditions hold for all Syax ,, : 

(2.1). })
~

),(
~

{min r }~),(
~

{max r ()(  yxyx FF  , 

(2.2). }
~

),(
~

),(
~

{min r }~),(
~

{max r  yxxy FFF  , 

(2.3). }
~

),(
~

{min r }~),(
~

{max r  axay FF  . 

Proof. Let F
~

 be an interval-valued )q,( ~~~


 -fuzzy 

interior ideal of S . If there exist Sba ,  such that yx   

and }
~

),(
~

{min r }~),(
~

{max r  ba FF  , then 

}
~

),(
~

{min r 
~

}~),(
~

{max r  bta FF   for some 

]1,~(
~

Dt  . It follows that ~
~

)(
~

 tbF  but ta
~

)(
~

F  and 


~

2
~

2
~

)(
~

 ttaF , it follows that F
~

~~ 


t
a  and F

~
q ~~
t

a  

where, F
~

~~ 


t
b , a contradiction and hence (2.1) is 

acceptable for all Syx , . 

If }
~

),(
~

),(
~

{min r }~),(
~

{max r  baab FFF   for some 

Sba , , then there exists ]1,~(~ Ds   such that 

}
~

),(
~

),(
~

{min r ~}~),(
~

{max r  basab FFF  . This implies 

F
~

~~ 


s
a , F

~
~~ 


s

b  but F
~

)( ~~ 


s
ab  and F

~
q)( ~~ s

ab , again a 

contradiction and therefore we accept that (2.2) is valid for 

all Syx , . 

Suppose that there exist Syax ,,  such that 

}
~

),(
~

{min r }~),(
~

{max r  axay FF  . Then 

}
~

),(
~

{min r 
~

}~),(
~

{max r  atxay FF   for some 

]1,~(~ Ds  , it follows that F
~

~~ 


s
a  but F

~
)( ~~ 


s
xay  and 

F
~

q)( ~~ s
xay , contradicting Condition (c) of Definition (3.1). 

Hence (2.3) is true for all Syax ,, . 

Conversely, we assume that Conditions (2.1), (2.2) and (2.3) 

are satisfied for all Syax ,, . 

Let there exist Syx ,  with yx   and ]1,~(
~

Dt   such 

that F
~

~~ 


t
y  but F

~
~~ 


t

x  and F
~

q ~~
t

x . Then 

~
~

)(
~

 tyF , tx
~

)(
~

F  and 
~

2
~

)(
~

 txF , showing that 


~

)(
~

xF . Hence 

}
~

),(
~

{min r }
~

,
~

{min r }~),(
~

{max r  ytx FF  , this 

contradicts (2.1). Hence (a) is valid. 

If F
~

~~ 


s
a , F

~
~~ 


t

b  for some Sba ,  and ]1,~(
~

,~ Dts   

such that F
~

)( ~
}

~
,~min{r 


ts
ab  and F

~
q)( ~

}
~

,~min{r ts
ab , then 

~~)(
~

 saF , ~
~

)(
~

 tbF  and }~,
~

min{r )(
~

stab F , 


~

2}~,
~

min{r )(
~

 stabF . This shows that 
~

2)(
~

abF  

and therefore 

}
~

),(
~

),(
~

{min r }~,
~

min{r }~),(
~

{max r  yxstxy FFF  , 

which contradicts (2.2). Hence (b) is valid. 

If there exist Syax ,,  and ]1,~(
~

Dt   such that F
~

~~ 


s
a  

but F
~

)( ~~ 


t
xay  and F

~
q)( ~~
t

xay , then ~
~

)(
~

 taF , 

txay
~

)(
~

F  and 
~

2
~

)(
~

 txayF , showing that 


~

2)(
~

xayF . Hence 

}
~

),(
~

{min r }
~

,
~

{min r }~),(
~

{max r  atxay FF  , 

contradicts (2.3) and therefore (c) is valid. Consequently, 

F
~

 is an interval-valued )q,( ~~~


 -fuzzy interior ideal of 

S . 

3.4 THEOREM 

For an interval-valued )q,( ~~~


 -fuzzy interior ideal F
~

 

of S , the set }~)(
~

|S{
~

~ 


 xx FF  is an interior ideal of 

S  if  ~1
~~

2  . 

Proof. Let F
~

 be an interval-valued )q,( ~~~


 -fuzzy 

interior ideal of S  and 
~

~
, Fba , then ~)(

~
aF  and 

~)(
~

bF . Hence by (b) of Definition (3.1) 

F
FF

~
q)( ~~

}(b)
~

,(a)
~

min{r 
ab  i.e., 

~})(
~

),(
~

{min r )(
~

 baab FFF  or 

 ~1
~~

2})(
~

),(
~

{min r 
~

2)(
~

 baab FFF . This shows 

that 
~

~
Fab . 
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If there exist Syax ,,  such that 
~

~
Fa , then ~)(

~
aF  

and by (c) of Definition (3.1) F
F

~
q)( ~~

(a)
~


xay  i.e., 

~)(
~

)(
~

 axay FF  or  ~1
~~

2)(
~~

2)(
~

 axay FF , 

showing that 
~

~
Fxay . Hence 

~

~
F  is an interior ideal of S . 

Directly by Theorem (3.4) we have the following two 

corollaries. 

 

3.5 COROLLARY 

Let F  be )q,(


 -fuzzy interior ideal of S  and 

 12 , then the set })(|S{ 


 xx FF  is an interior 

ideal of S . 

 

3.6 COROLLARY 

The set }0)(|S{
0

 xx FF  is an interior ideal of S  

)q,(  -fuzzy interior ideal F  of S . 

3.7 PROPOSITION 

If 
Iii

}
~

{F  is a collection of interval-valued 

)q,( ~~~


 -fuzzy interior ideal of S , then 
i

Ii

F
~



  is an 

interval-valued )q,( ~~~


 -fuzzy interior ideal of S . 

Proof. Let 
i
F
~

 be an interval-valued )q,( ~~~


 -fuzzy 

interior ideal of S  for all Ii  and Sba ,  with ba  . 

Consider 

}.
~

),)(
~

{(minr 

}
~

),(
~

{minr 

(2.1)) 3.3 Theorem(By 

 }}
~

),(
~

{minr {

}}~),(
~

{max{r }~),(
~

{maxr 









b

b

b

aa

i
Ii

i
Ii

i
Ii

i
Ii

i
Ii

F

F

F

FF





















 

Next we take Sba ,  and consider 

}.
~

),)(
~

(),)(
~

{(minr 

}
~

),(
~

),(
~

{minr 

(2.2)) 3.3 THeorem(By 

}}
~

),(
~

),(
~

{minr {

}}~),(
~

{max{r }~),(
~

{maxr 









ba

ba

ba

abab

i
Ii

i
Ii

i
Ii

i
Ii

ii
Ii

i
Ii

i
Ii

FF

FF

FF

FF





















 

Finally, if Syax ,, , then 

}.
~

),)(
~

{(minr 

}
~

),(
~

{minr 

(2.3)) 3.3 THeorem(By 

}}
~

),(
~

{minr {

}}~),(
~

{max{r }~),(
~

{maxr 









a

a

a

xayxay

i
Ii

i
Ii

i
Ii

i
Ii

i
Ii

F

F

F

FF





















 

Consequently by Theorem 3.3 
i

Ii

F
~



  is an interval-valued 

)q,( ~~~


 -fuzzy interior ideal of S . 

Now it is natural to investigate that 
i

Ii

F
~



  is an interval-

valued )q,( ~~~


 -fuzzy interior ideal of S  or not for 

any non-empty collection 
Iii 

}
~

{F  of interval-valued 

)q,( ~~~


 -fuzzy interior ideals of S . In this regard we 

constructed the following example to show that 
i

Ii

F
~



  is not 

an interval-valued )q,( ~~~


 -fuzzy interior ideal in 

general. 

 

3.8 EXAMPLE 

We consider the ordered semigroup },,,{ dcbaS   defined 

by the following multiplication table and order relations. 

Table: 2 

aaaad

aaaac

adaab

aaaaa

dcba.

 

         }.,,,,,,,,,{: daddccbbaa  

Define two interval-valued fuzzy subsets 
1

~
F  and 

2

~
F  as 









},,{if,0.00]0.00,[

},,{if,0.50]0.40,[
=)(

~
1

dcx

bax
xF  

and 









}.,{if,0.00]0.00,[

},,{if,0.50]0.40,[
=)(

~
2

dbx

cax
xF  

Then 
1

~
F  and 

2

~
F  are interval-valued 

)q,(
0.4][0.3,]3.0,2.0[]3.0,2.0[

 -fuzzy interior ideals of S . But 

21

~~
FF   is not an interval-valued )q,(

0.4][0.3,]3.0,2.0[]3.0,2.0[
 -

fuzzy interior ideals of S . Since, 

]30.0,20.0[

]30.0,20.0[~
],0,0[)(

~
],0,0[)(

~
max{r 

max r 

]}30.0,20.0[~),)(
~~

{(max r 

]}30.0,20.0[~),)(
~~

{(max r 

21

21

21






























dd

d

bc

FF

FF

FF

 

and 

].40.0,30.0[

}]40.0,30.0[],50.0,40.0[],50.0,40.0{[min r 

]40.0,30.0[
~

]},50.0,40.0[)(
~

],0,0[)(
~

max{r 

]},0,0[)(
~

],50.0,40.0[)(
~

max{r 

min r 

]}40.0,30.0[
~

),)(
~~

(),)(
~~

{(min r 

21

21

2121









































cc

bb

cb

FF

FF

FFFF

 

Hence 
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]}.40.0,30.0[
~

),)(
~~

(),)(
~~

{(min r 

]40.0,30.0[

]30.0,20.0[

]}30.0,20.0[~),)(
~~

{(max r 

2121

21













cb

bc

FFFF

FF

 

3.9 DEFINITION 

Let F
~

 be an interval-valued fuzzy subset of S . Then F
~

 is 

called an interval-valued ),( ~~ 
 -fuzzy interior ideal of S  

if for all Syax ,,  and ]1,~(
~

,~ Dts  , the following hold: 

)d( . )
~~

()( ~~~~ FF



tt

xyyx , 

)e( . FFF
~

)(
~

 ,
~

~
}

~
,~min{r 

~~~~ 


tsts
xyyx , 

)f( . FF
~

)( ~~~~ 


tt
xaya . 

3.10 THEOREM 

Every interval-valued fuzzy interior ideal of an ordered 

semigroup S  is an interval-valued ),( ~~ 
 -fuzzy interior 

ideal of S . 

Proof. Let F
~

 be an interval-valued fuzzy interior ideal of 

S  and Sba ,  with ba   such that F
~

~~ 


t
b . Then 

~
~

(b)  tF  and by Definition 2.4 (
2

I ) 

~
~

)(
~

)(
~

 tba FF , follows that F
~

~~ 


t
a . 

If there exist Sba ,  and ]1,~(
~

,~ Dts   such that F
~

~~ 


s
a  

and F
~

~~ 


t
b , then ~~)(  saF  and ~

~
)(  tbF . By 

Definition 2.4 (
3

I ) 

~}
~

,~{min r })(
~

),(
~

{min r )(
~

 tsbaab FFF , in which it 

follows that F
~

)( ~
}

~
,~min{r 


ts
ab . 

Finally, if there exist Syax ,,  and ]1,~(
~

Dt   such that 

F
~

~~ 


t
a , then ~

~
)(  taF  and by Definition 2.4 (

1
I ) 

~
~

)(
~

)(
~

 taxay FF  i.e., F
~

)( ~~ 


t
xay . Hence F

~
 is an 

interval-valued ),( ~~ 
 -fuzzy interior ideal of S . 

3.11 COROLLARY 

Every interval-valued ),( ~~ 
 -fuzzy interior ideal of S  is 

an interval-valued )q,( ~~~


 -fuzzy interior ideal of S   

From Theorem (3.10) and Corollary (3.11) we have the 

following corollary. 

 

3.12 COROLLARY 

Each interval-valued fuzzy interior ideal of S  is an interval-

valued )q,( ~~~


 -fuzzy interior ideal of S . 

To link interval-valued fuzzy interior ideal and interval-

valued fuzzy ideal of type )q,( ~~~


 , first we define 

interval-valued )q,( ~~~


 -fuzzy left (resp. right) ideal in 

the following lines. 

 

3.13 DEFINITION 

An interval-valued fuzzy subset F
~

 of S  is called an 

interval-valued )q,( ~~~


 -fuzzy left (resp. right) ideal of 

S  if the following conditions hold: 

)g( . )
~

q
~

()( ~~~~~ FF



tt

xyyx , 

)h( . )
~

q)( (resp. 
~

q)( ~~~~~~~~ FFF



ttt

yxxyy , for 

all Syx ,  and ]1,~(
~

Dt  . 

An interval-valued fuzzy subset F
~

 of S  is called an 

interval-valued )q,( ~~~


 -fuzzy ideal of S  if it is both 

interval-valued )q,( ~~~


 -fuzzy left and right ideal of 

S . 

3.14 THEOREM 

Let F
~

 be an interval-valued fuzzy subset of S . Then F
~

 is 

an interval-valued )q,( ~~~


 -fuzzy left (resp. right) ideal 

of S  if and only if the following conditions hold for all 

Syx , : 

(i) )( yx   })
~

),(
~

{min r }~),(
~

{max r (  yx FF  , 

(ii) })
~

),(
~

{min r  (resp. }
~

),(
~

{min r }~),(
~

{max r  xyxy FFF 

. 

Proof. It is straightforward and omitted. 

3.15 Theorem 

Every interval-valued )q,( ~~~


 -fuzzy ideal of S  is an 

interval-valued )q,( ~~~


 -fuzzy interior ideal of S . 

Proof. Let F
~

 be an interval-valued )q,( ~~~


 -fuzzy 

ideal of S . If Sba , , then by Theorem 3.14 (ii) 

}.
~

,)(
~

),(
~

{min r 

}
~

},
~

),(
~

{min r ),(
~

{min r 

}
~

),(
~

{min r }~),(
~

{max r 







ba

ab

bab

FF

FF

FF







 

Therefore }
~

,)(
~

),(
~

{min r }~),(
~

{max r  yxxy FFF   for all 

Syx , . 

If Syax ,,  such that 

}
~

),(
~

{min r }~),(
~

{max r  axay FF  , then 

}
~

),(
~

{min r 
~

}~),(
~

{max r  atxay FF   for some 

]1,~(
~

Dt  , showing that F
~

~~ 


t
a . By hypothesis F

~
 is an 

interval-valued )q,( ~~~


 -fuzzy ideal, therefore 

F
~

q))(( ~~~



t

ayx , but here we observe that txay
~

)(
~

F  

and 
~

2
~

2
~

)(
~

 ttxayF . It follows that F
~

)( ~~ 


t
xay  

and F
~

q)( ~~
t

xay , a contradiction and hence 

}
~

),(
~

{min r }~),(
~

{max r  axay FF   for all Syax ,, . 

Consequently , F
~

 is an interval-valued )q,( ~~~


 -fuzzy 

interior ideal of S . 

 

The following example shows that the converse of Theorem 

3.15 is not true in general. 
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3.16 EXAMPLE 

Consider the ordered semigroup }3,2,1,0{S  and the 

interval-valued fuzzy subset ]1,0[:
~

SF  as defined in 

Example (3.2). Then F
~

 is an interval-valued 

)q,(
]7.0,6.0[]2.0,1.0[]2.0,1.0[

 -fuzzy interior ideal of S . Since 

0.9][0.8,)0(
~

)(
~

FF abc , then 

}.]7.0,6.0[
~

),(
~

{min r 

]9.0,8.0[

}]2.0,1.0[~],9.0,8.0[)(
~

{max r 











b

abc

F

F

 

If 0ab , then 0.9][0.8,)0(
~

)(
~

FF ab , and therefore 

}.]7.0,6.0[
~

),(
~

),(
~

{min r 

]9.0,8.0[

}]2.0,1.0[~],9.0,8.0[)(
~

{max r 











bb

ab

FF

F

 

On the other hand if 1ab , then 0.5][0.4,)1(
~

)(
~

FF ab  

and so 

}.]7.0,6.0[
~

),(
~

),(
~

{min r 

]0,0[

]5.0,4.0[

}]2.0,1.0[~],5.0,4.0[)(
~

{max r 













bb

ab

FF

F

 

If 2ab , then 0.8][0.7,)2(
~

)(
~

FF ab  and thus 

}.]7.0,6.0[
~

),(
~

),(
~

{min r 

]0,0[

]8.0,7.0[

}]2.0,1.0[~],8.0,7.0[)(
~

{max r 













bb

ab

FF

F

 

Lastly, for 10  , we can see that 

}.]7.0,6.0[
~

],5.0,4.0[)1(
~

{min r 

]9.0,8.0[

}]2.0,1.0[~],9.0,8.0[)0(
~

{max r 











F

F

 

The above discussion shows that F
~

 is an interval-valued 

)q,(
]7.0,6.0[]2.0,1.0[]2.0,1.0[

 -fuzzy interior ideal of S . 

However, F
~

 is not an interval-valued 

)q,(
]7.0,6.0[]2.0,1.0[]2.0,1.0[

 -fuzzy ideal of S , since if 2a   

and 3b , then 0.5][0.4,)1(
~

)(
~

FF ab  and thus 

}.]7.0,6.0[
~

],8.0,7.0[)2(
~

{min r 

]7.0,6.0[

]5.0,4.0[

}]2.0,1.0[~],5.0,4.0[))3).(2((
~

{max r 













F

F

 

It follows that F
~

 is not an interval-valued 

)q,(
]7.0,6.0[]2.0,1.0[]2.0,1.0[

 -fuzzy ideal of S . 

In the following result we show that every interval-valued 

)q,( ~~~


 -fuzzy interior ideal of a regular ordered 

semigroup is an interval-valued )q,( ~~~


 -fuzzy ideal. 

3.17 THEOREM 

If F
~

 is an interval-valued )q,( ~~~


 -fuzzy interior ideal 

of a regular ordered semigroup /S , then F
~

 is an interval-

valued )q,( ~~~


 -fuzzy ideal of /S . 

Proof. If  /, Sba  , then there exists /Sx  such that 

axaa  . Since F
~

 is an interval-valued )q,( ~~~


 -fuzzy 

interior ideal of /S , therefore 

}.
~

),(
~

{min r 

}
~

),()(
~

{min r 

}
~

),)((
~

{min r }~),(
~

{max r 







a

baax

baxaab

F

F

FF







 

Similarly, we can prove that 

}
~

),(
~

{min r }~),(
~

{max r  bab FF  . 

It follows that F
~

 is an interval-valued )q,( ~~~


 -fuzzy 

ideal of /S . 

 

3.18 PROPOSITION 

Every interval-valued )q,( ~~~


 -fuzzy interior ideal of a 

semisimple ordered semigroup //S  is an interval-valued 

)q,( ~~~


 -fuzzy ideal of //S . 

Proof. Let F
~

 be an interval-valued )q,( ~~~


 -fuzzy 

interior ideal of //S . If //, Sba  , then there exists 

//,, Szyx   such that xayaza  . Therefore 

}.
~

),(
~

{min r 

}
~

),()(
~

{min r 

}
~

),)((
~

{min r }~),(
~

{max r 







a

zbaxay

bxayazab

F

F

FF







 

Similarly we can prove that 

}
~

),(
~

{min r }~),(
~

{max r  bab FF   

for all //, Sba  . It follows that F
~

 is an interval-valued 

)q,( ~~~


 -fuzzy ideal of //S . 

From Theorem (3.15), Theorem (3.17) and Proposition 

(3.18) we have the following corollary. 

3.19 COROLLARY 

Interval-valued )q,( ~~~


 -fuzzy ideal and interval-

valued )q,( ~~~


 -fuzzy interior ideal coincide in case of 

regular ordered semigroup and semisimple ordered 

semigroup. 

 

4. INTERVAL-VALUED )q,( ~~~


 -FUZZY 

INTERIOR IDEALS 

In this section, we introduce interval-valued )q,( ~~~


 -

fuzzy interior ideals and interval-valued )q,( ~~~


 -fuzzy 

left (right) ideals of ordered semigroup and characterise 

ordered semigroups by the properties of these newly defined 

interval-valued fuzzy ideals. 
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4.1 DEFINITION 

An interval-valued fuzzy subset F
~

 of S  is called interval-

valued )q,( ~~~


 -fuzzy interior ideal of S  if for all 

Syax ,,  and ]1,
~

(
~

Dt   the following conditions are 

satisfied: 

)i( . )
~

q
~

()( ~~~~~ FF



tt

yxyx , 

)j( . FFF
~

qor   
~

q
~

)( ~~~~~~~~



ttt

yxxy , 

)k( . FF
 ~~~~~ q

~
)( 

tt
axay . 

4.2 EXAMPLE 

Consider the ordered semigroup }3,2,1,0{S  of Example 

(3.2) and define an interval-valued fuzzy subset 

]1,0[:
~

SF  as follows: 















3.=if,0.60]0.50,[

,2=if,0.40]0.30,[

,1if,0.20]0.10,[

,0=if,0.30]0.20,[

=)(
~

x

x

x

x

xF  

Then F
~

 is an interval-valued )q,(
]7.0.6.0[]2.0,1.0[]2.0,1.0[  -

fuzzy interior-ideal of S . 

4.3 THEOREM 

A fuzzy subset F
~

 of S  is an interval-valued )q,( ~~~


 -

fuzzy interior ideal of S  if and only if the following 

conditions hold for all Syax ,, : 

(l). ))(
~

}
~

),(
~

{max r ()( yxyx FF   , 

(m). })(
~

),(
~

{min r }
~

),(
~

{max r yxxy FFF  , 

(n). )(
~

}
~

),(
~

{max r axay FF  . 

Proof. Let F
~

 be an interval-valued )q,( ~~~


 -fuzzy 

interior ideal of S  and Sba ,  with ba   such that 

)(
~

}
~

),(
~

{max r ba FF  . Then for some ]1,
~

(
~

Dt   we 

have )(
~~

}
~

),(
~

{max r bta FF  , follows that F
~

~~ 


t
a  but 

F
~

~~ 


t
b  and F

~
q ~~
t

b , contradicting condition (i) of 

Definition (4.1). Hence Condition (l) is valid for all Syx ,  

with yx  . 

If there exist Sba ,  such that 

})(
~

),(
~

{min r ~}
~

),(
~

{max r basab FFF   for some 

]1,
~

(~ Ds  , then F
~

)( ~~ 


s
ab . By condition (j) of 

Definition (4.1) FF
~

qor   
~

q ~~~~~~



ss

ba  that is 

sa ~)(
~

F  or 
~

2~)(
~

 saF  or sb ~)(
~

F  or 


~

2~)(
~

 sbF , a contradiction. Hence 

})(
~

),(
~

{min r }
~

),(
~

{max r yxxy FFF   for all Syx , . 

Let )(
~

}
~

),(
~

{max r xaxb FF   for some Sxba ,, . Then 

there exists ]1,
~

(
~

Dt   such that 

)(
~~

}
~

),(
~

{max r xtaxb FF  . This implies F
~

)( ~~ 


t
axb  

but F
~

~~ 


t
x  and F

~
q ~~
t

x , a contradiction. Hence 

)(
~

}
~

),(
~

{max r axay FF   for all Syax ,, . 

Conversely, assume that all the three conditions (l), (m) and 

(n) are satisfied by F
~

 for all Syax ,, . If Sba ,  with 

ba   such that F
~

~~ 


t
a , then ta

~
)(

~
F  and by (l) 
















,
~~

if,
~

,
~~

if,
~

}
~

,
~

{max r 

}
~

),(
~

{max r )(
~









t

tt

t

ab FF

 

in which it follows that F
~

q ~~~



t

b . 

If F
~

)( ~~ 


t
xy  for Syx , , then txy

~
)(

~
F  and by (m) 
















.
~~

if,
~

,
~~

if,
~

}
~

,
~

{max r 

}
~

),(
~

{max r })(
~

),(
~

{min r 









t

tt

t

xyyx FFF

 

It follows that F
~

q ~~~



t

x  or F
~

q ~~~



t

y . 

Finally, let Syax ,,  and F
~

)( ~~ 


t
xay . Then txay

~
)(

~
F  

and by (n) 
















.
~~

if,
~

,
~~

if,
~

}
~

,
~

{max r 

}
~

),(
~

{max r )(
~









t

tt

t

xaya FF

 

This shows that F
~

q ~~~



t

a . Hence F
~

 is an interval-

valued )q,( ~~~


 -fuzzy interior ideal of S . 

4.4 THEOREM 

Let us define an interval-valued fuzzy subset F
~

 of S  by 












.if,
~

,if,1
~

)(
~

Ax

Ax
x


F  

where A  is a non-empty subset of S . If F
~

 is an interval-

valued )q,( ~~~


 -fuzzy interior ideal of S , then A  is an 

interior-ideal of S . 

Proof. Let F
~

 be an interval-valued )q,( ~~~


 -fuzzy 

interior ideal of S . If Aba , , then )(
~

1
~

)(
~

ba FF  . By 

(m) of Theorem (4.3), 

.1
~

}1
~

,1
~

{min r 

})(
~

),(
~

{min r }
~

),(
~

{max r 





 baab FFF 

 

This shows 1
~

)(
~

abF  and hence Aab . 
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If Syax ,,  such that Aa , then 1
~

)(
~

aF  and by (n) of 

Theorem (4.3) 

1
~

)(
~

}
~

),(
~

{max r 



 axay FF 
 

It follows that 1
~

)(
~

xayF , therefore Axay . 

Finally, for Sba , if Aba   , then 1
~

)(
~

bF  and by (l) 

of Theorem (4.3), 

.1
~

)(
~

}
~

),(
~

{max r 



 yx FF 
 

This implies that 1
~

)(
~

aF  and thus Aa . Consequently 

A  is an interior ideal of S . 

4.5 DEFINITION 

An interval-valued fuzzy subset F
~

 of S  is called interval-

valued )q,( ~~~


 -fuzzy left (resp. right) ideal of S , if 

the following hold for all Syx , , ]1,
~

(
~

Dt  : 

)o( . )
~

q
~

()( ~~~~~ FF



tt

yxyx , 

)p( . )
~

q(resp.  
~

q
~

)( ~~~~~~~~ FFF



ttt

yxxy . 

4.6 THEOREM 

The following are equivalent for any interval-valued fuzzy 

subset F
~

 of S . 

(1). F
~

 is an interval-valued )q,( ~~~


 -fuzzy left 

(resp. right) ideal of S . 

(2). For all Syx , , 

(2.1). ))(
~

}
~

),(
~

{max r ()( yxyx FF   , 

(2.2). ))(
~

 (resp. )(
~

}
~

),(
~

{max r xyxy FFF  . 

Proof. (1) (2). If Sba ,  with ba   such that 

)(
~~

}
~

),(
~

{max r ytx FF   for some ]1,
~

(
~

Dt  , then 

F
~

~~ 


t
a  and F

~
q ~~~



t

b . This contradicts Condition )o(  

of Definition (4.5) and hence we accept that (2.1) is valid 

for all Syx ,  with yx  . 

Next, suppose that )(
~

}
~

),(
~

{max r bab FF   for some 

Sba , . Then there exists ]1,
~

(
~

Dt   such that 

)(
~~

}
~

),(
~

{max r btab FF  , in which it follows that 

F
~

)( ~~ 


t
ab  but F

~
q ~~~



t

b , a contradiction and hence 

(2.2) is valid for all Syx , . 

(2) (1). If Sba ,  with ba   and F
~

~~ 


t
a , then 

ta
~

)(
~

F  and by (2.1), 
















.
~~

if,
~

,
~~

if,
~

}
~

,
~

{max r 

}
~

),(
~

{max r )(
~









t

tt

t

ab FF

 

This implies, F
~

q ~~~



t

b . 

Finally, if F
~

)( ~~ 


t
ab  for some Sba , , then tab

~
)(

~
F  

and by (2.2), 
















.
~~

if,
~

,
~~

if,
~

}
~

,
~

{max r 

}
~

),(
~

{max r )(
~









t

tt

t

abb FF

 

It follows that F
~

q ~~~



t

b . Consequently, F
~

 is an 

interval-valued )q,( ~~~


 -fuzzy left ideal of S . 

Similarly, we can prove that F
~

 is an interval-valued 

)q,( ~~~


 -fuzzy right ideal of S . 

 

CONCLUDING REMARKS 
The idea of using intervals instead of single numbers play 

an essential part in the contemporary mathematics and 

several other applied fields of sciences like system control 

theory, robotics, computer engineering and automata theory. 

The concept of interval-valued fuzzy set gained the 

attentions of researchers around the world. They 

investigated several characterisation of interval-valued 

fuzzy sets and successfully applied in aforementioned fields 

which can be seen in terms of research articles in highly 

reputed journals and well known conferences. In this regard, 

we determined a new generalization of interval-valued fuzzy 

interior ideals and interval-valued fuzzy left (right) ideals by 

introducing interval-valued )q,( ~~~


 -fuzzy interior 

ideals, interval-valued )q,( ~~~


 -fuzzy left (right) 

ideals, interval-valued )q,( ~~~


 -fuzzy interior ideals 

and interval-valued )q,( ~~~


 -fuzzy left (right) ideals of 

ordered semigroups. Further, examples are also constructed 

for the support of these new concepts. In addition, several 

classes of ordered semigroups such as regular ordered 

semigroups and semisimple ordered semigroups are also 

characterised by the properties of these new notions. Lastly, 

the link between interval-valued fuzzy interior ideals and 

interval-valued fuzzy interior ideals of type )q,( ~~~


  is 

constructed. These new investigations will fill the gap 

present in those applied fields which are using interval-

valued fuzzy sets. 

 

FUTURE WORK 
These new ideas presented in this paper can also be applied 

in other algebraic structures like, Ring theory, Semigroups 

and Hemirings. 
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